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Abstract — Cosine similarity measure plays a significant role 
in various fields. Literature consultation confirms that the 
theory of cosine similarity measure has received a great interest 
and attention from the researchers in the world. The concept of 
Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Sets 
([VBNHEFS) is recently presented and very interesting. Every 
element in ITVBNHFS is characterized by six independent 
membership functions (three positive and three negative). There 
is no investigation on the Cosine Similarity Measure (CSM) of 
IVBNHES. In this study, we firstly define a CSM and a weighted 
CSM between two IVBNHFS and their applications to Multi- 
Attribute Decision Making (MADM) process in the Interval 
Valued Bipolar Neutrosophic Hesitant Fuzzy (IVBNHF) setting. 
And, we establish some properties of CSM and a weighted CSM. 
We use this strategy to find out the best alternative in MADM 
case. Then, the new approach to clarify MADM problems in 
IVBNHF setting is presented in algorithmic form. And, we solve 
an illustrative case of MADM to demonstrate the effectiveness, 
workability, and appropriateness of the proposed approach. 
Finally, the main conclusion and future opportunity of research 
paper are overviewed and compiled. 


Key words — Cosine Similarity Measure (CSM), weighted 
CSM, Interval Valued Bipolar Neutrosophic Hesitant Fuzzy Set 
([VBNHFS), Similarity measure, Multi-Attribute Decision- 
Making (MADM). 


I. INTRODUCTION 


Fuzzy Set (FS) [1] is given officially by Zadeh in 1965. 
Intuitionistic Fuzzy Set (IFS) [2] is exposed by Atanassov in 
1983. Neutrosophic set (NS) [3] is suggested by Smarandache 
in 1998. It is a generalization of FS [1] and IFS [2]. Zhang 
proved that Bipolar Fuzzy Sets (BFS) [4] is very efficiency in 
uncertain problems which can characterized the positive and 
the negative characteristics. However, Torra introduced 
Hesitant Fuzzy Set (HFS) [5] in 2010. In 2014, [6] proposed 
the Hesitant Neutrosophic Sets (HNS) [6] as a generalization 
of HFS [5]. In 2018, Neutrosophic BFS [7] in daily life’s 
problem is proposed by [7]. 

About the Cosine Similarity Measure (CSM) subject, many 
researchers [8]-[19] have worked on this. A CSM between 
two and weighted Interval Valued Neutrosophic Sets (IVNS) 
is recommended by [8] in 2014. Also, [8] defined a new 
Cosine Similarity (CS) between two IVNS based on 
Bhattacharya’s distance. A CSM based MADM with 
Trapezoidal Fuzzy Neutrosophic Numbers (TFNN) is 
exhibited by [9]. In 2015, [10] defined a rough CSM between 
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two Rough Neutrosophic Sets (RNS). Later, [11] proposed 
three cosine measures between Neutrosophic Cubic Sets 
(NCS). In 2018, [12] introduced a new Analytic Hierarchy 
Process (AHP) and proposed an Interval Valued 
Neutrosophic AHP (IVN-AHP) based on CSM. The proposed 
strategy with CSM by [12] gave a target scoring method to 
pairwise correlation networks under  neutrosophic 
uncertainty. In the other case, a corresponding Cosine 
Distance Measure (CDM) between Neutrosophic Hesitant 
Fuzzy Linguistic Term Sets (NHFLTSs) is proposed by [13] 
according to the relationship between the similarity measure 
and the distance measure. Also, [13] developed the 
Technique for Order Preference by Similarity to an Ideal 
Solution (TOPSIS) method to the obtained CDM. Whatever, 
improved CSM for an IFS has been proposed by [14] and [15] 
proposed a CSM between hybrid IFS. In 2018, [16] proposed 
Cosine Exponential Distance (CED) among Single Valued 
Neutrosophic Multi Sets (SVNMS), Cosine Logarithmic 
Distance (CLD) [17] among single valued NS and some of its 
properties are discussed. Then, [18] introduced a Single- 
Valued Neutrosophic Multiset (SVNM). Based on the 
weighted CSM of SVNM [18], a MADM method under a 
SVNM environment is advanced. In 2019, [19] proposed 
three types of CSM for resolving MADM problems based on 
proposed types of CSM [19] with a Bipolar and Interval 
Bipolar Neutrosophic (BIBN) data. In the field of Hesitant 
Set (HS), [20] formulate Hesitant Bipolar-Valued 
Neutrosophic Set (HBVNS). Also, in 2020, [21] firstly 
introduced the concept of Interval Valued Bipolar 
Neutrosophic Hesitant Fuzzy Sets (IVBNHFS). However, in 
2020 and 2021, Bipolar [22]-[25] and decision making [26]- 
[44] has been proposed by many researchers [26]-[44] and 
appeared like a recent development in the fields of FS and NS 
theory. 

All these above literatures show that CSM is a hot topic in 
both practical and theoretical fields [8]-[19]. However, up to 
now, as far as we are aware, there is no research on the CSM 
and weighted CSM of IVBNHFS. Hence, in this paper, we 
focus on this issue and propose important CSM and weighted 
CSM of IVBNHFS. 


A. Knowledge Gap 


MADM approach appropriate to CSM and weighted CSM 
of IVBNHFS. 
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B. Research Issues 


i. Is it feasible to suggest a CSM for IVBNHFSs? 

ii. Is it conceivable to engender a weighted CSM for 
IVBNHFSs? 

iii. Is it achievable to develop a novel MADM approach 
based on the proposed CSM in IVBNHF setting? 

iv. Is it realizable to set up a novel MADM strategy based 
on the proposed weighted CSM for IVBNHFSs in IVBNHF 
environment? 

To do as such, the plan of this paper is coordinated as 
follows. The section 2 gives some knowledge preliminaries 
on IVBNHFS. The section 3 proposes CSM for IVBNHFS 
and their properties. And, the weighted CSM is investigated. 
In section 4, we introduce the novel similarity measures for 
MADM problem in IVBNHF environment. The section 5 
suggests an illustrative case of MADM to demonstrate the 
effectiveness, workability, and appropriateness of the 
proposed MADM approach. The paper ends with some 
comparative study and concluding remarks in the section 6 
and the section 7, respectively. 


Il. MATHEMATICAL PRELIMINARIES 


A. IVBNHFS [21] 


IVBNHFS is an effective tool to process the uncertain, 
inconsistent and hesitant information. 


Definition 1: 
Assume X is a finite set which contains at least one 
element, an IVBNHFS P on_X is described as: 


_ (xt), i* (x), fT), 
P= Cem@re@pe@ Mey 
where: 
t*(x) = {y*lvy* €t*(x)}, 
it(x) = {6*|6* € i*(x)}, and, 
ft) = {n*|n* € f*(x)} are positive three membership 
functions expressed by a few closed intervals in the real unit 
interval [0, 1] which detail the truth or indeterminacy or 
falsity positive membership hesitant degree, and meet the 
following conditions: 
y* = [vz, vel € [0,1], 
6* = [67,65] € [0, 1], 
n* = Ini, ng] € [0,1], and: 


0 < supy™* + supd™* + supn™t <3 


where: 

y™* = Uytert@y maxy*, 
ont = Uste i+(x) Max ot, and, 
n™* = Unte rte) maxn*. 


And t"(x) = {fy ly" €t (@)}, 

iv (x) = 6-|5- € i" (), and, 

f-(@) = {n"|n~ € f- (&)} are negative three membership 
functions expressed by a few closed intervals in the real unit 
interval [—1,0] which detail the truth or indeterminacy or 
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falsity negative membership hesitant degree and meet the 
following conditions: 


y= [vy vol € [-1,9], 
6- = [6,, 6g] € [-1, 0], 
n~ = [n7, nu] € [-1,0], and: 


—3 < supy™ +supd™ +supn™ <0 


where 

yo = Uy-e t~(x) maxy , 
6™ = Us-e i-(x) max 6-, and, 
uo = Un-e f-(x) max? . 


B. IVBNHFS Properties 
1) Complement [21] 


Definition 2: 
Let 


_ hes tial, lita tial, bean 


[tra tual, liza tual, Uta foal 


be an IVBNHFS, the complement A° of an IVBNHFS A is: 


[via(x), voa(x)], 
[1 — 6f4(x),1— 65 4(x)], 
Inia (x), Nia (x)], 


awn oC 


— 
= Usytect 


+> 


ot eit, = 
neers, | [1 ~ Sia@.1~- bia4@9], 
Yaeta, [nra(x), Nua)] 

54 ig, 

na€ fa 


2) Intersection [21] 


Definition 3: 
Let 


re ( tial, lita téal, pay and 
[tra tual, lia tya iF ia foal 
_ Se toe], lizs, toe, Pete). are two IVBNHFS, 
[tre, tue, lice, tue, fe. foe] 
the intersection AN B of atwo IVBNHES A and B is: 


[AQ Vis), AVia Vie), 
[V(6r4, 6i6), V6da Su8)]), 
[Vinita nip) Vita Noe DI, (3) 
[AQta Yip)» AVoa Yur)I, 
[Vora Ora), VOua vB), 
[Vinca Nip)» VQua Noe) | 


ANB= + 
U yheek 
54 eit, 
i 
nie ft, 
YaEta, 
6, €ig, 
nNa€ fa» 
tozt 
Ye Etp, 
5p € if, 
ng fp» 
YeE tp, 
5p Eig, 
"pe fg 
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3) Union [21] 
Definition 4: 
Let 


Am (laa liga tial, esp nad 
Ita, tual, liza, ival, Lia fal _ 
[tip tiel, lite, toe) Wie fuel, 

B=( Se ); are two IVBNHFS, 
[tre, tue], lice, tual, fe, foe) 

the union A U B of a two IVBNHFS A and B is: 


[Voia Vis), Via Von)], 
[Aza Ofe), ACOga, Oup)], 
[A@nia nis)» AQia Noe ) 1, 
[Vita Vie)» VYoa Yup), (4) 
[Ara Sie), Aza Sue )I, 
[A(ica Nie) AQoa Noe) | 


AUB=U  4er+ 
Ya Eta, 
54 eit, 
na € fa, 
YaE ta, 
6, €ig, 
nNa€ fa» 
tegt 
YB Etp, 
of € ip, 
nb € fg» 
Yee tp, 
67 Eig, 
np fe 


III. PROPOSED CSM FOR IVBNHFS 
For CS between two vectors, two FS, two IFS and for INS, 
see [8]. 


A. CSM for IVBNHFS 
Definition 5: 
Let B, and B, are two IVBNHFS in X = { xq, X2,..-, Xp}. 


x; tt (x), if Ces) 


B, = 44, fi iy), t7 &), )) % € Xi = 1,2,...,n 
i; (%i), fr Gi) 
x; tz (x), if Ci), 
Bo = 44 fy), t2 pp, | my EAS 12,40 
iz (x1), fz i) 
where: 


tf (x) = tyflvt € t? @)}, 
if (x) = {67 df € if (~)}, 
fi @) = {ni Int € if), 
ty (x) = {yz lvz € t7 x)}, 
iz (x) = {67 dz € if (x)}, 
fe (x) = {nF nz € iF (x)}. 


And 


t@= "ily €t @)} 
i; (x) = (6; dy € if (x)}, 
fr @&) = tm Im € 7 @)}, 
tz (x) = fa lvz € te (wh, 
iz (x) = {67 [dz € i; (x)}, 
fz (x) = {nz |nz € ig (X)}, 


For i = 1,2,...,7: 


DOI: http://dx.doi.org/10.24018/ejmath.2021.2.5.64 


Yiio(k) = Kee k Voie k 

Oia(k) = [Stoiocey Stzia k 

Nic (k) = Nivic i Noaiotk | E f(x) (k = 1,2,....44), 
Y2i0(k) = tae k Vurie k 

Oxio(k) = Orrio(k , Ou2ie k 

Noiate) = [Miziotey Norio] © fz i) = 1,2,...5t)), 
where l;, D;, i, %;, Sj, ti, (for i= 2) are the number of intervals 
in t3(x%), ZOD), Ad. tai), in), and fr %) 
respectively. 
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Vitti = Vitiote» Voriow] € tf @)(K = 1,2,...,h), 
Stie k) = [Si iotx Sito) Ei) (le = 1,2)55.,0)), 
Mio(k - [nis toce Maaeisl € fi (x) (k = 1,2,...,q), 


= [VitiedoVarioug| © tr Oi) (k = 1,2,....7), 


Oto = [Sitiocey Sdriogo] © HOD (kK = 1,2,...,5)), 
Nio(k) = [Hiasetie Mental € fi &) (& = 1,2,..., 6). 


where l;, D;, 9: %, Sj, t;, (for 1=1) are the number of intervals 
in t7(x)), FO), AO). tr), in@) and fr %) 
respectively. 


And 


,@G&) & = L2snek), 
] € dG) (kK = 1,2,...,p)), 


| E tz (x) (k = 1,2,...,7%), 
] € &@) Kk = 1,2,.:.,8), 


Established on the extension measure for FS, IFS and 


IVNEFS, the CSM for IVBNHFS is introduced like that: 


cosy (5) 


COSypnuFs(B,, B2) = seeks 


Lyte (Visio) + eas 
es (Vibicde) + Vizioce)) 
pyr, (riot) + Sino) 
ue (Strick) + St2ic(k)) 
(nitioce + Moriote) 
(Mhaiotk) + No2io(k)) 


| 
| 
(Vitioce + aaa 
| 
| 1 


oe 

cosy = Yij=1 
tor 
B27 nat (Viziove + Yoriowe) 
(Strict + Strict) 
(Sirioce + Stziotk) 
(ninioce + Norio) 
(nizioce + Norio) 


+27z,| 
oe 
ix z 
[Ciriow oh Vistow)) | 
{hE 
1 Pi 
2 
+) [Strict + Striocey) | 
Pi r= 
1 qi 
2 
n 7D, [Giioe + Ninio(e)) | 
L 
COS = >, = 
= 1 7 _ 
= +-) (Gaee + Yiriow)) | 
hE 
1 
=, = 2 
+-) [Sixt + Orict) | 
{k=l 
ix 
F -»), [Gisiows + iit) | 
{k=l 
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Theorem 1: 


vj 
= 1 
: + -) Cae + Vuzio(k | 
KEI 


NI F 


qj 
1 
-». [Gane us Vey) | 
{kE1 
iz 
Zz 
F —\ (Gee + Og2ictk)) | 
Pi = 


qi 
1 

~ —) [Gane Bs Niaiate)) | 
se eer] 


Sj 
1 
ss =», [Gaze + Op2ia( y| 
‘k=1 
tj 


1 
+e) [iziote + Nuy2io(k | 


The following equations are true: 


(i) O<cosjygnurs S 1 
(ii) COS|VBNHFS(B,, Bz) = COS2uzs (Bz, By) 
(iil) Cosjypnurs(B,, Bz) = 1si By = B, 


Proof. The theorem is straightforward. 


B. Weighted CSM between IVBNHFS (WIVBNHFS) 


Definition 6: 
Assume we recognize the weights of each element x;, a 
weighted CSM between IVBNHFS B, and B, is suggested 


as follows: 


COSwivenurs(By, Bz) = 


where 


coswi1 
cosw2xCcosy3 


Li 
>) ee + Viniock)) 
GL (Voice) + Yo2ioce)) 
Pi 
+ i (Stic k I Onacus) 
Pi k=1 (Orie k + Oyaistas ) 


qi 
(niiowe + Norio(x)) 


1 
y SE rl (nibiec + Nu2iotk)) 
ri = = 
j=1 4 1 rate k) + Yutio(k ) 
) 


% k=1 Visicti + Vuzio(k 

Si = 7 
% -). re x) + Surio(k ) 
Si k=1 (Size k + Ouzio(k ) 


tj 2 = 
+) (ees + Nuiio(k ) 
cro ) 


(Nisioc + Nu2io(k 
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1 


Li 2 
1 
-» [Gaee + Vibrio) | 
{REI 
jt! 
2 
+ —\ [Strict + Ogriotk)) | 
Pi TEs; 
Lé 
2 
n + =o [Ghioe + Norio(k)) | 
1 
CS = > W; 


= 1 
a + =), [Winiote it, Vutio(k y] 


k=1 
Sj 
1 = o 2 
+ =) (Ge an Outia(k ) | 
‘k=l 
tj 


1 
+>) (Gaee + Nuyrio(k y] 
U 


and 


Li 
1 
7). (ae + Vea) | 
thet 
1 
2 
+=) [Stato + Ovzietk)) 
Pi = 
Lv 
2 
+ —\ (Gace + Nirioc)) | 
qi = 
ic 
= +=) [Wiviot + Vuzio(k | 
{ket 


Sj 
1 
+7), [(Siiot + Sprit y| 
‘k=l 


tj 
i 
+>) (Gee + Nu2iok y| 
‘k= 


with w, € [0,1], fori = 1,2,...,n, and}, w; = 1. 


1 
Ifw;, = a? then, Cwivennrs(B1,B2) = Cwivennes (By Bz). 


Theorem 2: 
The weighted CSM between two IVBNHFS  B, and B, 
also has the following characteristics: 


(i) 0 < cOSwivenurs(Bi,B2) < 1 
(ii) COSwivennrs(By, Bz) = Coswivenurs(B2, B1) 
(iii) COSwrvpnurs(By, Bz) = 1 if By = B, 

Proof. The theorem is straightforward. 


IV. IVBNHF-MADM STRATEGIES BASED ON THE 
PROPOSED CSM 
This section presents the CSM for MADM problem in 
IVBNHF environment. 


Consider A = {A,,Ap,...,A4m}, be a discrete set of 


m achievable alternatives, and C = {C,,C,...,C,}, bea set 
of criterions under consideration, and w, be the weight vector 
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the criterions such that mandn > 2, O< w; $1, and 
j=1 Wj = 1. 

One novelty MADM strategy is presented in algorithmic 

form applying the following procedures. 


Proposed algorithm: 

Step 1: Present a Decision Matrix (DM) 

The decision maker provides the IVBNHF-DM D,,,y, and 
assigns the rating of performance value of alternative A;, with 
respect to the predefined criterions C; with reference to 
IVBNHF values, for (i = 1,2,...,.m; j =1,2,...,n): 


ga ep ep + ¢t 
Ge ti. it.» ié,,|, [fi fa, |: 


Pij = _ (7) 

Fi.» tui I: li, in.) hiip Firg| 
An IVBNHF-DM D,,,,, can be presented as follows: 
G) Cy sx G, 

A, P11 Piz + Pin 
Az|P21 P22 ++ Pan 

Dimxn= } | tf (8) 
Am Pm1 Pm2 om Pmn 


Step 2: Determine weights vector for criterions 

Let decision maker predestine weights vector w; (j = 
1,2,...,n) of criterions G (j = 1,2,...,n), for w; € [0,1] 
and x" j=1W; = 1. 


Step 3: Propose an ideal alternative 
Let decision maker initiate to set up an ideal alternative of 
criterions values: 


(ae , Yo jo00 


eee MY jac) 


(9) 


| 
| tae 750 Ujo(k) ae 
‘|; 
‘|; 


Wes" WU jak) 
6, ‘| 
| Ejotk) OU jotk) 


ae NY jects ‘ 
G =1,2,...,n) 


Step 4: Compute CSM 

The weighted CSM Cwrvgnurs(4i/*), between each 
alternative A;, and the ideal solution /* are computed using 
(10), fori = 1,2,...,m 


= cosSWwix 
coswivenurs(Ai!*) = Soo (10) 


where 
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(Vijoco + Yoijocw)) 


i i +  * 
“itz zs YLijo) 


7 ij “y | 
be + 
Pita (67 Lijo(k) 


n 
_ 7 k=1 
COSwis = Wj rij 


"UG f=t 


Sij = 
1 | ( Lijo(k 


-y'| (Viijoce 


tij 
+) (Niijocx 
(ioc 


lij 


- * 
(ae 


+ * 
a VWijok) , 


Oy Lija(k) a he) 


* + * 
#6 Vijo(k) ) 


4 ¥ (nhijoce + Nbijoce)) | 


+ Yuijock 


+ Oyijo(k 


} 
(Ota . Sivjocw ) 


+ Nuijotk 


1 
+ Vege) 


1 
“ MWijoao ‘) 


P 
(a. + Nijea) ) 


lij > [Ciiow + Viijoe)) 1) 


BY 


fe 7 [iso + Siijocw) ‘| 


Pij = 
dy 


+ =>, (Gases a Niijotw)) ‘| 


n 
Gij =i 
COSw2s = > W; rij 
j=l iL 7 
€ —) (Gaze 
T;; 
SKE 
Sij 


- a (6 Lijo(k 


Sij k= 
a" 


1 . 
+ ty > (Gaee 


and 


lij 


+ Yuijotk | 


+ Oijoc | 


+ Nyijock | 


1 2 
= + * + * 
Te C= + ioc) ) | 
T= 
aie 
Si yet) ) | 


Dij 


BS Una’ 


a 


n 
COSw3x = > Ww; rij 
j= 


2 
+a dale Lijo(k) + NWijoce ) | 


1 - * a * 2 

+) Ge + wijoce ) | 
URE 

2 

Otek) ) | 

1 - * - * 7 

tS). (Ga * Nye ) | 
=A 
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Sij 


boa a ( Oia 


ae 


Step 5: Rank all the alternative 

Rank all the alternative based on the decreasing order of 
COSwivenurs(4; /*), fori = 1,2,...,m. 

Based on COSw yenurs(Ap!l*), the highest value of 
COSw venues (A; 1*) indicates that A;, fori = 1,2,...,m is 
the best choice. 

Step 6: Choose the best alternative 

Choose the most desirable alternative in connection with 
the highest value of the coSwyygnurs(A;, /*) in the step 5. 

The bigger value of cCOSwiygnurs(4; /*) reflects the 
preferable alternative. 

Step 7: End 

Stop. 


V. ILLUSTRATIVE NUMERICAL EXAMPLE 


The section V presents a numerical case study, adapted 
from reference [45]. Then, an IVBNHF-MADM problem is 
dispensed to validate the workability and effectiveness of the 
proposed CSM decision-making approach. 

A company wants to start a business in one of the four 
manageable alternatives Aj(i = 1,2,3,4). Ay, Az, A3, and 
A4, represent four potential firms (car, food, computer and 
arms), respectively. 

The four manageable alternatives need to be evaluated in 
agreement with the four criterions C i G = 1,2,3,4). C,, 
C,, C3 and C4 represent respectively the risk, the growth, the 
environmental impact, and the performance. 

Assigned to the four criterions, the weight vector is w = 

(0.24, 0.26, 0.26,0.24)". 

Now we use the MADM strategy based on the proposed 
CSM to get the most appropriate alternative. 

Step 1: Acquire a DM 

We can obtain the IVBNHF-DM D,,4, as shown in Table 
LIV. 

The IVBNHF-DM D,,4 can be presented as follows: 


TABLE I: IVBNHF DECISION MATRIX (C4) 
Cy 
Ay {{[0.5, 0.6]}, 
{[0.2, 0.3], [0.3, 0.4], [0.4, 0.5]}, 
{[0.1, 0.2], [0.2, 0.3], [0.3, 0.4], 
(0.4, 0.5], [0.5, 0.6], [0.6, 0.7]}, 
{[-0.2, -0.1]}, 
{[-0.6, -0.5], [-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2]}, 
{[-0.4, -0.3]}} 
A {{[0.1, 0.23, 
{[0.3, 0.4], [0.4, 0.5], [0.5, 0.6], [0.6, 0.7], [0.7, 0.8]}, 
{[0.2, 0.3], [0.3, 0.4]}, 
{{-0.5, 0.4], [—0.4, —0.3],[—0.3, —0.2]}, 
{[-0.9, 0.8], [-0.8, —0.7], [-0.7, —0.6], 
[-0.6, —0.5], [-0.5,—0.4], [-0.4, -0.3]}, 
{[-0.6, 0.5], [—0.5, —0.4], [-0.4, -0.3], 
[-0.3, —0.2], [-0.2, -0.1]}} 
A; {{[0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.4,0.5], [0.5,0.6]}, 
{[0.4,0.5], [0.5,0.6]}, 
{[-0.3, -0.2]}. 
{[-0.7, -0.6], [-0.6, -0.5]}, 
{[-0.5, -0.4]}} 
A, {{[0.6,0.7], [0.7,0.8], [0.8,0.9]}, 
{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.5,0.6]}, 
{[-0.8, -0.7], [-0.7, -0.6], [-0.6, -0.5]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2],[-0.2, -0.1]}, 
{[-0.2, -0.1}} 
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The TABLE I presents the first column of DM Dy4: P41, P21; 
P31 and p41. 


TABLE II: IVBNHF DECISION MATRIX (C2) 
C, 
A, {{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8], 
[0.8,0.9]}, {[0.1,0.2], [0.2,0.3], [0.3,0.4], [0.4,0.5], 
{[0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.2,0.3], [0.3,0.4], [0.4,0.5]}, {[-0.8, -0.7]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2], [-0.2, -0.1]}, 
{[-0.4, -0.3], [-0.3, -0.2], [-0.2, -0.1]}} 
A, {{[0.2,0.3], [0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], 
[0.7,0.8]}, {{0.1,0.2], [0.2,0.3], [0.3,0.4]}, 
{[0.3,0.4]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2], [-0.2, -0.1]}, 
{[-0.3, -0.2], [-0.2, -0.1]}, 
{[-0.9, -0.8], [-0.8, -0.7], [-0.7, -0.6], [-0.6, -0.5], 
[-0.5, -0.4]}} 
A; {{[0.1,0.2], [0.2,0.3], [0.3,0.4], [0.4,0.5], [0.5,0.6]}, 
{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8], [0.8,0.9]}, 
{[0.3,0.4], [0.4,0.5]}, 
{[-0.8, -0.7]}., 
{[-0.4, -0.3]}, 
{[-0.7, -0.6]}} 
Ag {{[0.1,0.2]}, 
{[0.8,0.9]}, 
], [0.4,0.5], [0.5,0.6], [0.6,0.7]}, 
{[-0.5, -0.4]}, 
{[-0.6, -0.5], [-0.5, -0.4], [-0.4, -0.3]}, 
{[-0.5, -0.4], [-0.4, -0.3]}} 


{[0.2,0.3], [0.3,0.4 


The TABLE II presents the second column of DM D,,.4: 
P12> P22, P32 and p42. 


TABLE III: IVBNHF DECISION MATRIX (C3) 


C3 
Ay {{[0.1,0.2], [0.2,0.3], [0.3.0.4], [0.4.0.5], [0.5,0.6]}, 
{[0.1,0.2], [0.2,0.3], [0.3,0.4], [0.4,0.5]}, {[0.1,0.2], 
[0.2,0.3], [0.3,0.4]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2]}, 
{[-0.7, -0.6], [-0.6, -0.5], [-0.5, -0.4], 
{[-0.4, -0.3]}, 
{[-0.4, -0.3], [-0.3, -0.2]}} 
Ay {{[0.3,0.4]}, 
{[0.1,0.2], [0.2,0.3], [0.3.0.4], [0.4.0.5], [0.5,0.6]}, 
{[0.5,0.6], [0.6,0.7]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2], 
[-0.2, -0.1]}, 
{[-0.8, -0.7]}, 
{[-0.9, -0.8]}} 
A; {{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8], 
[0.8,0.9]}, 
{[0.2,0.3], [0.3,0.4], [0.4.0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.2,0.3]}, 
{[-0.5, -0.4]}, 
{[-0.6, -0.5]}., 
{[-0.7, -0.6]}} 
{{[0.2,0.3], [0.3.0.4], [0.4.0.5], [0.5,0.6], [0.6,0.7]}, 
{[0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.8,0.9]}, 
{[-0.9, -0.8]}, 
{[-0.8, -0.7], [-0.7, -0.6], [-0.6, -0.5]}, 
{[-0.5, -0.4], [-0.4, -0.3], [-0.3, -0.2]}} 


Ay 


The TABLE III presents the third column of DM D,,4: P43, 
P23, P33 and p43. 
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TABLE IV: IVBNHF DECISION MATRIX (C4) 
Cy 
A, {{[0.6,0.7], [0.7,0.8]}, 
{[0.4,0.5], [0.5,0.6]}, 
{[0.1,0.2], [0.2,0.3]}, 
{[-0.4, -0.3]}, 
{[-0.6, -0.5], [-0.5, -0.4], [-0.4, -0.3]}, 
{[-0.7, -0.6], [-0.6, -0.5]}} 
A, {{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8]}, 
{[0.3,0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7], [0.7,0.8], [0.8,0.9]}, 
{[0.1,0.2]}, 
{[-0.8, -0.7], [-0.7, -0.6]}, 
{[-0.6, -0.5], [-0.5, -0.4]}, 
{[-0.4, -0.3], [-0.3, -0.2]}} 
A; {{[0.7,0.8], [0.8,0.9]}, 
{[0.1,0.2], [0.2,0.3], [0.3,0.4]}, 
{[0.2,0.3], [0.3.0.4], [0.4,0.5], [0.5,0.6]}, 
{[-0.7, -0.6]}, 
{[-0.9, -0.8], [-0.8, -0.7], [-0.7, -0.6], 
[-0.6, -0.5]}, {[-0.3, -0.2]}} 
A, {{[0.4,0.5], [0.5,0.6]}, 
{[0.3,0.4], [0.4,0.5]}, 
{[0.1,0.2], [0.2,0.3], [0.3.0.4], [0.4,0.5], [0.5,0.6], [0.6,0.7]}, 
{[-0.3, -0.2], [-0.2, -0.1]}, 
{[-0.6, -0.5]}, 
{[-0.7, -0.6], [-0.6, -0.5], [-0.5, -0.4], [-0.4, -0.3]}} 


The Table IV presents the fourth column of DM Dy,4: P44; 
Poa, P34 and pay. 
Step 2: Determine weights for criterions 

The decision maker determined weights vector of 
criterions as 0.24, 0.26, 0.26, 0.24, respectively. 
Step 3: Propose an ideal alternative 
The ideal alternative /* is: 


r= (<(1,1], [0, 0], [0, 0 i [0,0 iF [-1, —1], [=1, =I), 

({1,1], [0, 0], [0, 0 IF [0,0 iF [—1, =I]; [- 1, =), 

({1,1], [0, 0], [0, 0 iF [0,0 ] [—4, =I, [-1, —1)) 
((1,1], [0, 0], [0, 0 iF [0,0 1 [-1, =i, [-1, —1])) 


Step 4: Compute weighted CSM 

We refer to (10) for calculating coswypnurs (A; /*), (for 
i=1, 2, 3, and 4). 

We present the weighted CSM results in Table V. 


TABLE V: COSINE SIMILARITY MEASURES RESULTS 


Weighted CSM pais Ranking 
values 
coSwivenues(Ay,1*) 0.42 9 
coSwivpnues(Az, !*) 0.39 4 
coSwivenues(A3, !*) 0.43 1 
coSwivenues (Ay, I") 0.32 4 


Step 5: Rank all the alternative 
Based on COSw ypyurs (Aj, 1”) for i=1, 2, 3 and 4, we have 
Az > A, > Az > Ay. 


Step 6: Choose the preferable alternative 

In connection with the highest value of the 
COSwvenurs(4;,/*) in the step 5, the most preferable 
alternative is A3. 


VI. COMPARATIVE STUDY 


To further validate the feasibility of above this CSM 
MADM approaches, a comparative study was conducted with 
Deli 's methods in [45]. However, the results by utilizing 
different methods are shown in Table VI. 
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For the compared methods in [45], Deli and al. proposes 
two kinds of aggregation operators, the Interval Valued 
Bipolar Neutrosophic Weighted Average (IVBNWA) and 
Interval Valued Bipolar Neutrosophic Weighted Geometric 
(IVBNWG) operators [45]. 


TABLE VI: COMPARATIVE STUDY RESULTS 


Final Ranking Preferable Worst 

Methods Alternative Option 
A A 
IBNS [45 2 s 
S{%] A, > Ay > Ay > Ay 

CSM of 
IVBNHES A; > A, > Ay > Ay A; A, 
For different methods: Deli 's methods in [45], 


IVBNHFWA or IVBNHFWG, as we can see from Table VI, 
the final ranking may be different each other. Thus, according 
to the results obtained by utilizing different methods, if the 
IVBNS operators [45] are used, the desirable choice is A, 
and if our method is utilized, the best alternative is A. Then, 
our CSM order of preference for the four manageable 
alternatives is in disagreement with the Deli 's method [45] 
result. On the other hand, the worst option is always A,. So, 
we really need another similarity measure to confirm the 
results. 


VII. CONCLUSION 


The paper presented the concept of CSM for MADM of 
IVBNHFS. The proposed CSM, which is the first method 
expanded to find out the preferable alternative under 
IVBNHF setting, is utilized to promote a new MADM 
models. However, we presented CSM under IVBNHF 
environment and demonstrated some of their basic 
characteristics. Furthermore, the weighted CSM was applied 
to a MADM approach in which the attributes values take the 
form of Interval Valued Bipolar Neutrosophic Hesitant Fuzzy 
Elements (IVBNHFEs) with respect to the alternatives and 
the criteria weights are known information. We utilize a new 
algorithm to prioritize the alternatives and determine the 
preferable one. Finally, an illustrative numerical adapted 
from [45] is given to indicate the applicability and 
productiveness of the proposed MADM strategy. Therefore, 
the proposed MADM strategy under IVBNHF setting is more 
appropriate for real scientific and engineering cases. In the 
future, we’ll introduce a novel Analytic Hierarchy Process 
(AHP) approach or a new conjoint analysis (CA) with 
IVBNHFS. Also, based on CSM, we’ll propose an Interval 
Valued Bipolar Neutrosophic Hesitant Fuzzy - Analytic 
Hierarchy Process (IVBNHFS-AHP) and an Interval Valued 
Bipolar Neutrosophic Hesitant Fuzzy - Conjoint Analysis 
(IVBNHFS-CA). In further work, we’ll elaborate some more 
similarity measures and practiced them to MADM case, fault 
diagnosis, medical diagnosis, pattern recognition or other 
areas. 
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